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1. Consider a closed analytic curve 7 in the complex plane and denote by D + and D- 
the interior and exterior domains with respect to the curve. The point z = is assumed to be 
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in D + . Then according to Riemann theorem there exists a function w(z) = -z + Yl Pj z J 

./ " 

mapping _D_ to the exterior of the unit disk {w G C\\w\ > 1}. It is follow from [1] that 

k 

this function is described by formula logw = log z — dt (r;®to + ^2 ^k~^t k )v, where v = 
v (to, £1, ii, £2, tii ■■■) is a function from infinite number of variables 

1 ' -2.. , 1 / —k j2 



£ = - / cfz, £ fc = — / z K cf 

7T 7 Kit J 

D + D- 

Moreover, this function satisfies the dispersionless Hirota equation for 2D Toda lattice hierar- 
chy. 

f z - £\ e D(z)D(£)v _ ze -d t0 D(z)v _ ^ e -d t0 D(d)v_ fa\ 

(Z - ^ e D(z)D(Ov _ - e -d t0 D(z)v _ £ e -9 tQ 5(£>_ ( 2 ) 

1 _ e -D(z)D(Ov = l =e dt o (d t0 +D(z)+D(O)v ^ (3) 



where 



z ~ k „ = , , z 1 



Thus for an effectivisation of Riemann theorem it is sufficiently to find a representation 
of v in the form of Taylor series 



The numbers iV(io|ii, ik\h, • ■■> ik) for i a ,i/3 ^ 2 is found in [ 1 ]. In this paper we find 
some recurrence relations, that give a possible to find all iV(io|ii, ...,ik\ii, • ••,££)• For this we 
find some formulas for reconstruction any solutions of (1) - (3) via arbitrary Cauchy data 
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dtadti , 
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for our v. 



dt dti 



to 



d 2 v 



to 



(here F 



to 



t\—t\—ti=ti- 



(to)) and find the values of these data 



2. Let us put di = d ti = gf: and di = c%. = -J^. 

oo 

Lemma 1. z — E \ z ~°d\d v = ze~ 9 ° D ^v and 

3 = 1 



d i d 3 v = 



(-1) 



m+l 



E 



ml * — ' k\ ■ ■ ■ k m 

™=\ fcl+- + fcm=J + l 



d d kl v ■ ■ -dodk m v. 



Proof: According (1) ( z -£) e D W D (t» = (z-£)(l + (D(z)D(Z)v) + \ {D(z)D(£)v) 2 + - ■ ■ ) = 

oo oo 

(z-oii+z-'r'dfv+z- 1 e k-^i^+r 1 e ^-^a^+^r 2 ^) = (z-o+r 1 ^- 

3=2 j=2 

oo oo 

^- 1 a 1 2 w+ e it^i^- e ^-^d^ + z- 1 ^- 1 ^. 

7 -' 3 3=2 3 

On the other hand according (1) the function [z — ^)e D ^ D ^' v is a sum of two functions 

oo 

fi(z) + h(£)- Thus F = and ze~ d ° D ^v = z - E ^z'^didjV. Therefore, 

i=i J 



^ ^-(i+iJ^a^ = l - e -*°w„ = 1 - (1 + 



j * — ' ml 

j = l J m=l 

(— 1)'" . ■ ~ " N 



m=l fc=l 



m=l n=l feiH h&m=™ 



= -E/-(E^- E ^ SA ""'*M' 



n=l m=l fciH hfcm=n 



Thus 

^=-e^T e h~7k^ d ° dkiV ' ' ' d ° dk ™ vn 

J m=l fci + -+fc m = ,-+l m 

Lemma 2. <9;<9^ = E E L {si -iy. J {Sm -i) P ^^i - l,-,s m - 

m=1 si + • • • + s m = j + 1 
> 1 

!)• 

•<9i<9 Sl _ii> • • • did Sm -\v, where Pij(s\ — l,...,s m — 1) is i/ie number of representations of 
{i = i\ + • • • + z m |l ^ if- ^ Sfc — 1, fc = 1, • • • , m} 0/ number i. 

Proof: According to lemma 1 and equation (1) (z — ^)e D ^ D ^ v = 
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* - E -z-'dify - (e - E -r j M«) = o* - o - X -( Z ~ J - t~ j )did s v. 

j=i J j=i J i=i J 

Thus, 

P D (W = i + 5! - 1 r 1, 

i + ^r'E^ E z- s c t )o 1 d j v = 

s rt = j- 
s,t > 



i =1 J s + * = j - 1 



00 1 

= i + E-( E ^r')^. 

s,t ^ 1 



Therefore, 



Vt = n4 
s,t ^ 1 



m=l n=l s + t _ n+ 1 



00 / i\m+l 



m 

3 = 1 i,J^l 



3 



«H 1" «m = « 

Jl H jm = 3 

ikjk > 1 

that is 

(_l)m+l y - 



^ = E E 



m (si — 1) • • • (s m — 1) 

m=l Sl + ---+s m =i+j v y v m y 

•Py(si - 1, ...,s m - l)did ai -iv- • ■d 1 d Sm - 1 v.D 
Remark. The equations 

(_l)m+l 



m (si — 1) • • • (s m — 1) 
•Pij(si - 1, s m - l)<9i<9 Sl _iv- • -5i5 Sm _iti 

describe the dispersionless limit of KP equation. Some other description of this hierarchy is 
presented in [ 2 ]. A comparison of these descriptions gives some nontrivial combinatorial 
identity Pij. 

00 _ 

Lemma 3. dtdjv = E E Pl l J . Pm T ij(Pi • • ■Pm)dod Pl v ■ ■ ■ d d Pm v, where 

m=lp 1 -\ \- Pm =j+i m 

/ -i\m-\-l 

TijipL.-Pm) = E Ms ni! ... nfc! ^j(Pl+- ■ -+P gl -1, -,p gfc _ 1 + l+- ■ -+P qk -l), 

n\ H \-rik = m 

Hi > 

and Oj = E n i • 

i=i 

Proof: According to lemmas 1 and 2 

9*^=£ E " m (ai _ 1) .! J (aro _ 1) ^i- 1 »-»^- 1 )- 

m=l Sl +.-.+ Sm =j+i v 1 ' v m ' 
■d l d Sl - 1 V.d 1 d Sm - 1 v)=Y: E L - L ^ 7 TT' 



"ni = l piH hp ni =si 



,s m -l)(E E J d d Pl v-d d Pni v) 

y . . . ill- pi ' ■ ' Pm 



I > > ; — dnd m v ■ ■ ■ dnd v v)- 



. . Pi" '2V 

n m = i-Pl-\ \-Pn m =s m 



= ^2 ^2 — — Tij(p 1 ---p m )dodp 1 v---dodp m v.n 

m=l Pl + ---+p m =j+i Pl Pm 

Using the induction, we get from lemma 3 
Lemma 4. 



d h d i2 ■ ■ ■ d ik v = J2( 



where T iui2 



$1 S m 

m_1 Si H h Sm = ll H h 2fc 

^i H h^ m = m + A;-2 

Sj i^O ^ ^ 

si • • - s TO \ _ f 2i lia (si • • -s m ), z/4 = • • • = £ m = 1 
t\---tm) 1 in another cases 



1 ^ i ^ j ^ m 
s,£> 



(4-1)!- ..(^-1)!' 
and s = Si + Sj + i H h s,- - i fc , £ = 1) H h (£j - !).□ 



3. Define now the Cauchy data for v. 
Lemma 5. 

dov\ t() = -t + t Into d k v\ t() =0 for k > 0. 
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Proof: Put 7 = {z e C\\z\ = R}. The Schwarz function for 7 is S(z) = R 2 z~ 1 . Thus 
according to [ 1 (26) ] 



1 f ,2 „ 2 
t = - / (i 2 ^ = = R 2 . 

\z\<R 



7T 



tk 



^— [ z- k R 2 z~ 1 dz = -^—R 2 J) z-( k+1) dz = for k > 



Ul=i? 



Therefore, according to [1 (8), (26)] 



d v 
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/" ln l 


to 7T J 





it 
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r 2 










\n\r\dr 2 = 2(r 2 \nr — I rdr) 



R 



R, 







2-r' 



ft 



= R 2 \nR 2 - R 2 = -t + t lnt . 



1 



i? 2 



... z k R 2 z~ 1 dz = & z k ~ x dz = for k > 0.D 

t 2ni J 2ni J 

z\=R 7 



Lemma 6. 



didjv\ to 



for i ^ j, 
it l Q for i = j. 



Proof: It is follow from lemma 5 that <9o<9fci>| to = for k > and d 2 v\ to = lnt - Moreover 
according to (3) 

1 _ e -D(z)D{Ov = z -i£-i e d (d +D(z)+D(0)v _ 



Thus 



3 a (9o+o(«)+^(0)« 



to 



and 



-D(z)D(i)v\ t = ln(l - z^t'to) = -J2 kz- k r k t k . 



k=i 



Therefore didjv\ = for i ^ j and dfv | = it l □. 



Lemma 7. 



■■■d ik v 



. 0, 

• • -<9 ifc d 

to H ° \ if-ik 



(i-fc+l) 



z'/ zi H h z fc 7^ z 

! t*- fc+1 , t/i = «! + ••• + i fc 



Proof: The differentials 9 and 5 occur in (1) - (3) symmetrically. This gives the first 
equality. Moreover according to lemmas 4 and 5, 



C^C^ • • -di fc i; = : 



"3, v . . Si • • • S m tm 

m - 2 si H hs m = «H h «fe 

H i m = m + k - 2 

s j , ^ 1 



■d^d Sl v-d e -d Sm v) = 



- ^■■■ l k T . ( i \ d *- 1 dv- %1 "" lk d k - 1 dv 

where z = zi H — ■ + ik- This equality and lemma 6 give the second equality in the affirmation 
of lemma 7. □ 
Lemma 8. 



#*! •••9i k d il ■■■\v 



= y]Nj(ii • • - Zfc|zi • • -z'fc)^ (fc+fc)+2 ; wfeere JVi(ii •••i fc |ii = 



to 



k k 

if Yl ij i or Yl h 7^ I n opposite case, Ni(ii • • • ii k • • • i^) = 

7 1 ./ 1 



^2 ( S h- ■ -ikik- ■ -h- 

m=1 si H hs m = «H Mfc 

£H £ m = m + fc-2 

Sj , ij ^ 1 



."it. I /j /) I ^ii-.-ij. I s l> *m J J j 



•Si S m 



where 



Q f ^ XT (si-l)!---(s m -l)! 

'-'ii---ifcl s li •••) s mJ — 2^ / , 



(si - m + 1 - £i)l ■ ■ ■ (s m - n m + 1 - £ m )l 



and second sum is the sum by all partitions of the set on subsets 

{ji, -JnJ (P = Ij such that £ = s p . □ 

a=l 

Proof: According to lemma 4 

oo 

l\---lk 



Si s m 

m_1 si H h s m = ii H Mfc 

4 H + £ m = m + fc-2 

S j , £j ^ 1 



OO 

E(E( E 



1 ii---ik ' 



Si S m 

m=1 s 1 + --- + s m = z 1 + --- + z fc 

^i H +£ m = m + /c-2 

, £j ^ 1 

/ Sl •• • S m \ rJ. x rs 51 51 V-f) tm f) PP ■■■ PP 

\h---£mj ° 81 jl ° Sm * ) ) ' 

where the first sum is taken by all partitions of {ii,...,z^} on subset {{j}, jn^ — U™! ■••■> 
j™ )}. According to lemma 7 this gives the affirmation of lemma 8 □. 



Lemma 8 gives 
Theorem. 



1 2, 3 
-4 log t - -t + 



E E 

i\ < ■ ■ ■ < ik n i> n i— 1 



1 



nil ■ ■ -nfclni!- • -n^l '\ni...rik 



ll—lk 



H...Zfc ' 



rtj+y^ n;)+2 

« i — 1 i— 1 

' r r ii 



where 



Ni 



ii—ik 
ni...n k 



ii...i- k 
n x ...ni 



0, 



k k 
if i 7^ Yl n jh or i ^ n jij- I n opposite case 



ii—ik 
ni...n k 



i x ...%h 
\n x ...ni 



N i {i 1 ..A 1 i2..A2---ik---h\h---iih---i2---ik---h)^ 



where in the last parentheses any ij (respectively any ij ) occurs nj (respectively nj) cases. 
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